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1. Introduction

Compressed sensing is about selecting a solution z € R™ to y = Az where y ¢ R™ and Aam xn
matrix where n >> m (i.e. the problem is very is generically going to have a large solution space). For
p € [0, 00] we define the problem (P,) by

(P,) minimize |z[, subject to
PP lAz =y

where o], = (|2 [? + - + |z, )77 for p € (0,00)
#{1<i<n:z;#0}.If p>1 (in particular p = 1), this is a convex problem and can be solved

x| o = max{|z,|, ..., |z, |} and where |z|, =

using convex optimization techniques, while the cases p € [0, 1) (in particular p = 0) do not enjoy this
property. Compressed sensing is a theory on giving conditions under which the solutions to (F,) and
(P;) agree, thus making the (P,) problem amenable to convex optimization techniques as well.

Let us introduce some notation: We call € R™ s-sparse if ||z], < s. Moreover, we let [n] =
{1,...n}andif I = {i; <.. <i,} C [n] we define z; = (z;1(i € I)), (i.e. we set all entries with
index notin I to 0) and A; = (Aji ,) (i.e. we only keep the columns with index in I).

a ja/

The proof in this short note follows the one in [1] fairly closely. For more in depth information, see
any good textbook on the topic, like [2].

2. Recovery of a sparse solution

Suppose that x, is s-sparse, say supported on I with #1 = s, and satisfies Az, = y. We can ask, under
which condition do we have ||z|; > |z, for all z # z, satisfying Az = y. If this holds, then clearly
(P,) with y = Az, has a unique solution given by z,.

Let z = © — x, which then satisfies Az = 0. If z, is supported on I C [n] with #I = s then using
that (z,), = x and using the triangle inequality, we get
Izl = l=olly = llzo + 2l — lols
= llwg + 27l1 + lzze ]y — l=olly
> |zrelly = lz1lly -

So if the right hand side is either positive or z = 0, then the solutions to (P,) and (P, ) agree. We will
say that A has the null-space property on I, or A € NSP(m,n, I), if each z € ker(A) \ {0} satisfies

lzrlly < lzzels-

Lemma 2.1. Suppose that z is supported on I with #I = s and A € NSP(m,n, I), then z, is
the unique solution to (P, ) with y = Ax. Moreover, if A € NSP(m,n, I’) for all I’ with #1’ =
s then z is the unique solution to (P,) with y = Az,.




Proof. The first part is clear from the discussion above. The second part follows since if x;, is supported
on I’ with #I’ = s and Az, = y then by the same argument, x|, is the unique solution to (P;) with
y = Az, = Az and the uniqueness implies z, = x,. O

The question is now only, how do we check the condition in the lemma. For this, people have introduced
the restricted isometry property. We write A € RIP(m,n,s’,d) for 6 € (0,1) if

V1= |z]; <Az, < V146 |z,

for all x € R™ with |z|, < s’. The following proposition shows how the restricted isometry property
implies the null-space property introduced above and that we can hence relate (F,) and (P;) via
Lemma 2.1.

Proposition 2.2.If A € RIP(m,n,s + s’,0) fors/s’ < (1 —6)/(1 +J)ands,s” > 1,then A €
NSP(m,n, I) for all I with #I = s.

Proof: Fix I with #I = s and z € ker(A) \ {0}. Take an enumeration I° U (N'\ [n]) = {i; : j > 1}
such that the sequence (|z% |) _is non-increasing where we make the convention z; = 0 if 7 > n. Let
j

Iy = {ig g 1jr1r b} fork>1.

Then since 0 = Az = Az + > Az 1, and using the RIP property, we get

k>1
lz7lh < Vs l2rlle < Vs lzpor, D2
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Clearly [z, 2 < Vs’ |z, loc and by the definition of the (I};), we have 5’|z [. < |z, |1
Putting this together yields

gl < YS/EVLHD Sl = VEISVIEO
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The assumption s/s” < (1 —4)/(1 + 0) implies |z;]; < |zs¢|; since z # 0. O

3. Random Gaussian matrices allow compressed sensing

In this section, we will see how to apply this framework in the case when the matrix A is given by
ii.d. Gaussian entries.

The key here will be to use a tailbound on P(||M]|,, > &) for a random s X s symmetric matrix M,
so let us recall how to do this using the idea of e-nets. Fix € € (0,1/2) and let IV, be a maximal subset
of points in {z € R?® : |z|, = 1} which are all distance > ¢ away from each other. Then by a crude
volume bound, we have that

#N. < (1+¢/2)°(e/2) " < (3/e)".



Since M is symmetric (by considering its eigendecomposition),

M|, = max z,Mzx)| .
Ml = _max _[(z. M)
The point is that by maximality, whenever x € R® satisfies ||z]|, = 1, there exists 2’ € N, such that
[z — 2’| < e and hence

|(z, Mz)| < |[(2", Ma')| + [(z — 2", Mz)| + |(2", M(z — 2"))| < [(«", M2")| + 2¢| M],, -

By taking the maximum over all z € R?® with |z, = 1 and upper bounding the first term on the right
side by the maximum over all z’ € N_, we get

-1 ’ ’
“Mnop < (1 _26) max|(a: ,MJJ )‘

z’eN,

which readily implies that for 6 > 0,

]P’(||M||Op >6) < P(:glez?\]}ﬂ(x’, Mz")| > (1— 26)5) < Z P(|(z’", Mz")| > (1 — 2¢)J)
. o/€N, 1)

< (E) x'eRsrPﬁa}’CHQ » P(|(z", Mz")| > (1 — 2¢)0).

The point is that we can essentially interchange the maximum defining the operator norm with the

probability expression and only incur an exponential error term which we will be able to suppress.

The following lemma shows that a matrix A with i.i.d. Gaussian entries satisfies the RIP property.
Here and below, o, (M), ..., 0,(M) denote the singular values of a m X s matrix (in increasing order)
and \; (M), ..., \;(M) denote the eigenvalues of a s X s matrix (also in increasing order).

Lemma 3.1. There exists ¢, C > 0 such that the following is true: Let A be a m X n matrix with
iid. N(0,1/m) entries where s < m < n withn > 1,and § € (0,1). Then A € RIP(m,n,s,J)
with probability > 1 — exp(Cslog(n) — cmé?).

Proof. Note that
{A € RIP(m,n,s,0)} = {VI C [n] with #] = s : 0,(A;) € [V1—6,V1+6] Vi < s}.

Then by a union bound we get

P(A ¢ RIP(m,n, s,6)) < (Z) Iﬁ%qp({aim,) e [VI—5,Vitd|Vi< s}">
- (:) Ig[%%zsp({xi(A?A,) €[1—6,1+0]Vi<s})
= (1), max_ POIATA; ~ L], > 9)
- (Z)P(HA[T;]A[S] — Il > 6).

The last equality followed since all expressions in the maximum are the same by the i.i.d. property. Let
B = A, which is am x s matrix with i.i.d. N(0,1/m) entries. Then by (1) we get for ¢ € (0,1/2),
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(2) e B(1BelE 11> (1 - 2200

z€RS: |z[,=1

3\° N2 4+ ...+ N?
= (g) P(‘Q_1‘>(1_26)6)
m

where Ny, ..., N,, ~ N(0,1) are i.i.d.; this follows since for any € R® with |z|, = 1, the vector Bz
has iid. N(0,1/m) entries. For the last term, we can use a standard exponential tail bound. Thus
putting everything together, we see that there exist universal ¢, C' > 0 such that

IN

P(A ¢ RIP(m,n,s,d)) < (n) (%) Cle—cm(1-2¢)°82

s/ \e

<C- exp(s log(3n/e) —em(1 — 25)252).
By taking € = 1/3, we see that after redefining the constants ¢,C > 0, we have that P(A ¢
RIP(m,n,s,d)) < exp(Cslog(n) — cmd?) as required. O

In practice, one can simply apply this result with 6 = 1/4 to get a control on the probability of the
event A € RIP(m,n, s + s’, ) holding where we consider s = 2s, and we are in a setting where we
can apply Proposition 2.2.

Remark 3.2. What’s remarkable (no pun intended) about this result is that it suffices to take
m = Q(slog(n)) to get the RIP property and hence the sparse recovery result. The s prefactor is
not surprising since in order to recover a vector with s entries, we certainly need at least data of
dimension s but it is incredibly useful that we can take n (the dimension out of which we need to
select the s sparse entries) exponential in m.
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